Abstract. We first give a deformation theory of integrable distributions of codimension 1. This theory is used to study Levi-flat deformations: a Levi-flat deformation of a Levi flat hypersurface L in a complex manifold is a smooth mapping Ψ :
Introduction
Let M be a complex manifold and L a real hypersurface of class C 2 in M such that M \L = Ω 1 ∪ Ω 2 , Ω 1 ∩ Ω 2 = ∅. L is Levi flat if it satisfies one of the following equivalent conditions: 1) Ω 1 and Ω 2 are pseudoconvex domains.
2) L is foliated by complex hypersurfaces of M .
3) The Levi form of L vanishes. It is well known that in general, if L is not of class C 2 , we have only 3) =⇒ 2) =⇒ 1).
One of the oldest result concerning Levi flat hypersurfaces is a theorem of E. Cartan [2] which states that a real analytic Levi flat hypersurface is locally isomorphic to the set of vanishing of the real part of a holomorphic function. A generalization of this theorem for singular Levi flat hypersurfaces can be found in [9] .
Recent research on Levi flat hypersurfaces in complex manifolds were motivated by the following conjecture of D. Cerveau [3] : there are no smooth Levi flat hypersurfaces in the complex projective space CP n , n 2.
For n 3, this conjecture was proved by Lins Neto for real analytic Levi flat hypersurfaces [16] , by Y.-T. Siu for Levi flat hypersurfaces of class C 12 [18] and by A. Iordan and F. Matthey for Lipschitz hypersurfaces of Sobolev class W s , s > 5/2 [11] . Despite several attempts to prove this conjecture for n = 2, its proof is still incomplete. Unlike CP n , n 2, the complex tori T n = C n /Γ contains the Levi flat hypersurfaces π ⊕ 2n−1 j=1 Ru j + u where π : C n → T n is the canonical projection, u j , j = 1, · · ·, 2n − 1 are R-linearly independent vectors in Γ and u ∈ C n [15] . It was conjectured in [15] that for every compact Levi flat hypersurface M in T n , π −1 (M ) is a union of affine hyperplanes.
In this paper we study the deformations of smooth Levi flat hypersurfaces in complex manifolds. The theory of deformations of complex manifolds was intensively studied from the 50s beginning with the famous results of Kodaira and Spencer [13] (see for ex. [12] , [21] ). In [17] , Nijenhuis ans Richardson adapted a theory initiated by Gerstenhaber [6] and proved the connection between the deformations of complex analytic structures and the theory of differential graded Lie algebras (DGLA). This theory was developped following ideas of Deligne by Goldman and Millson [8] .
The main results of this paper may be summarized as follows.
In the first chapter we consider integrable distributions of codimension 1 on smooth manifolds and we define a DGLA associated to the foliation such that the deformations of integrable distributions of codimension 1 are given by solutions of Maurer-Cartan equation in this algebra. As the examples show, this theory is highly non trivial and it seems to be interesting by itself. We mention that Kodaira and Spencer developped in [14] a theory of deformations of the so called multifoliate structures, which are more general then the foliate structures. Our approach in this paper for foliations of codimension 1 is different of theirs (see Remark 14) and allows us to study the Levi flat case.
In the second chapter we give a description of the deformations of a smooth Levi flat hypersurface L in a complex manifold by means of the Maurer-Cartan equation in the DGLA associated to the Levi foliation.
Then we establish the equations verified by the tangent to a regular familly of Levi flat deformations. We say that L is infinitesimally rigid (respectively strongly infinitesimally rigid) if the tangent cone at the origin to the moduli space of Levi flat deformations of L is trivial (respectively if the tangent cone at the origin to the solutions of the Maurer-Cartan equation in the DGLA associated to the Levi foliation is trivial) . We remark that Diederich and Ohsawa study in [5] the displacement rigidity of Levi flat hypersurfaces in disc bundle over compact Riemann surfaces. The definition of rigidity in [5] means that any small C 2 perturbation of a Levi flat hypersurface L is CR isomorphic with L, so L is strongly infinitesimally rigid.
We prove that a transversally parallelizable compact Levi flat hypersurface in a compact complex manifold is strongly infinitesimally rigid and we give a sufficient condition for infinitesimal rigidity in Kähler manifolds (Theorem 3). As an application, we prove that there are no compact transversally parallelizable Levi flat hypersurfaces in connected complex manifolds M such that for every p = q ∈ M and every real hyperplane H q in T q M there exists a holomorphic vector field Y on M such that Y (p) = 0 and Y (q) ⊕ H q = T q M . If M = CP n , n ≥ 2, the hypothesis of the previous result are fulfilled.
The non existence of transversally parallelizable Levi flat hypersurfaces in CP 2 can be obtained by different proofs. We chose here to give a proof by using the results of this paper. Another direct proof was furnished to the authors by Marco Brunella [1] who disappierd recently in a tragic accident. We want to pay tribute to the memory of Marco Brunella by giving also his proof of this result.
2. Deformation theory of integrable distribution of codimension 1 2.1. DGLA associated to an integrable distribution of codimension 1 .
is a family of C-vector spaces and d :
* defines a structure of graded Lie algebra i.e. for homogeneous elements we have
3) d is compatible with the graded Lie algebra structure i.e.
where S s denotes the symmetric sum.
be a DGLA and a ∈ V 1 . We say that a verifies the
and the lemma follows.
From Lemma 1 we obtain the following
be a DGLA and a ∈ V 1 verifying the Maurer Cartan equation (2.5) Lemma 2. Let L be a C ∞ manifold and X a vector field on L. We denote by
Proof. Since (2.1) is obvious we will verify (2.4). We have
By using Cartan's formula
, where {·, ·} is defined in (2.6).
Proof. ii) ⇒ iii) and iv) ⇒ ii) are evident.
and so
As i) ⇔ ii) is the theorem of Frobenius, the Lemma is proved.
By Lemma 2, Lemma 3 and Corollary 1 we obtain
and so α = 0.
Corollary 3.
Under the hypothesis of Corollary 2, we set
Remark 3. Let L be a C ∞ manifold and ξ ⊂ T (L) an integrable distribution of codimension 1. Then there exists a 1-form γ on L such that ξ = ker γ if and only if ξ is co-orientable, i.e. the normal space to the foliation defined by ξ is orientable (see for ex. [7] ).
Definition 3. Let L be a C ∞ manifold and ξ ⊂ T (L) an integrable co-orientable distribution of codimension 1. A couple (γ, X) where γ ∈ ∧ 1 (L) and X is a vector field on L such that ker γ = ξ and γ (X) = 1 will be called a DGLA defining couple.
Remark 4. Let L be a C ∞ manifold and ξ ⊂ T (L) an integrable distribution of codimension 1. Let (γ, X) be a DGLA defining couple for an integrable distribution ξ of codimension 1. Then (γ ′ , X ′ ) is a DGLA defining couple for ξ if and only if
Compare with the contact distribution case: the existence of a contact form ω on a odd dimensional manifold is equivalent with the co-orientability of the contact distribution [10] and it is unique up to a multiplication with a nonvanishing function. In this case the Reeb vector field R is uniquely defined by ι R ω = 1 and ι R dω = 0. But contact distributions are nonintegrable.
Remark 6. The DGLA structure of Z * (L) depends on the choice of the DGLA defining couple (γ, X). In what follows, for given ξ we will fix γ and X. When it is necessary to emphasize this dependence we will write Z * γ,X (L) , δ γ,X , {·, ·} γ,X .
The following Proposition will describe shortly the effects of changing the defining couple:
. By (2.7) and (2.8) we have
By replacing (2.10) in the formula δ e λ γ,e −λ X Ψα = d e λ α + γ, e λ α e λ γ,e −λ X , we deduce from (2.9) that Ψδ γ,X = δ e λ γ,e −λ X Ψ.
We have also {Ψα, Ψ (β)} e λ γ,e −λ X = e λ α, e λ β e λ γ,
It follows that Θ is well defined and the map
Since ι V γ = 0 and dγ = −ι X dγ ∧ γ, by using the expression of δ γ,X from (2.9), we obtain
We have
Finally, from (2.11) and (2.13) it follows that
2.2.
Moduli space of deformations of integrable distributions of codimension 1.
Let L be a C ∞ manifold and ξ ⊂ T (L) an integrable co-orientable distribution of codimension 1. We fix a DGLA defining couple (γ, X) and we consider the DGLA (Z * (L) , δ, {·, ·}) previously defined.
Proof. By Lemma 3 the distribution ker (γ + α) is integrable if and only if
and the Lemma follows.
Following [14] we define:
Definition 5. By a differentiable family of deformations of an integrable distribution ξ we mean a differentiable family ω :
By a differentiable family of small deformations of an integrable distribution ξ we mean the restriction
Remark 7. By Lemma 4 a differentiable family of deformations of an integrable distribution is given by a differentiable family (α t ) t∈I in Z 1 (L) such that ξ t = ker α t and α 0 = 0. Definition 6. Let U be a neighborhood of the identity in G and V be a neighborhood
Remark 8. The previous definition is adapted for small deformations.
This means that ξ α is integrable if and only if ξ χ(Φ)(α) is integrable. By Lemma 4 we deduce that α satisfies the Maurer-Cartan equation
Remark 9. We consider the right action of the group
Denote by I the subset of D given by the coorientable integrable distributions. Since ξ = ker β if and only if τ (Φ) (ξ) = ker Φ * β it follows that I is G-invariant.
Definition 7. i) I/G is the moduli space of integrable distributions of codimension 1 on L. ii) We consider the one-to-one mapping
, where ζ ∈ I ∩ R. By Lemma 4 there exists α ∈ MC δ (L) such that ζ = ζ α = ker (γ + α). Then if Φ ∈ G is sufficiently close to the identity we have
so ν = π ζ χ(Φ)(α) and the action given by (2.14) is the local description of the global action given by (2.15) via the correspondence (2.16).
Notation 2. We will denote the moduli space of deformations of integrable distri-
the set of cooriented distributions. Then we have the group action
and consider MC δ (L) /G 0 the associated transformation groupoid (see [8] for the definition of transformation groupoids). Another possibility of defining MC δ (L) / ∼ G is to take the germ at (Id L , ξ).
The moduli space of deformations of integrable distributions of codimension 1 depends a priori on the DGLA defining couple. We will now prove that the moduli space MC δγ,X (L) / ∼ G and MC δ γ, X (L) / ∼ G of deformations of integrable distributions of codimension 1 corresponding to defining couples (γ, X) and γ, X are canonically isomorphic:
and by using again the Lemma 4 we obtain
The invariance of F V follows by Remark 8.
From Proposition 1 and Proposition 2 we obtain
By Lemma 3 iv) ii) The tangent vector β at the origin of the MC δ (L)-valued curve µ is
Proof
ii)
The Proposition 3 follows now by Lemma 5.
The Proposition 3 justifies the following definition:
Definition 10. We say that the deformation theory is not obstructed at [0] if
Remark 12. In general, to establish unobstructedness of a deformation theory is a very hard problem and conditions as the vanishing of
will provide only curves of formal solutions to the Maurer-Cartan equation with prescribed tangent vectors at 0 (see for ex. [4] ).
Remark 13. There exists a natural isomorphism Θ :
be the differential along the leaves of ξ. By using this isomorphism we consider
Indeed let α ∈ Λ p (ξ) and X 1 , · · ·, X p+1 ∈ ξ. Since γ (X j ) = 0, j = 1, · · ·, p + 1 and γ (X) = 1, we have
Proof. From Lemma 3 iii) we obtain
so ι X (γ ∧ dι X dγ) = 0 and the Lemma follows by (2.19) .
which depends only on ξ will be denoted by c (ξ).
In particular
Proof. By (2.19) and (2.8) we have
Remark 14. We would like to mention that Kodaira and Spencer developped in [14] a theory of deformations of the so called multifoliate structures, which are more general then the foliate structures. A multifoliate structure on an orientable manifold X of dimension n is an atlas U i , (x Kodaira and Spencer define in [14] subsheafs Φ p P , p ∈ N, of the sheaf of germs of jet forms of degree p on X which are compatible with the multifoliate structure and a differential D such that ∈ H 1 (X, Θ P ) represents the infinitesimal deformation of the multifoliate structure along a tangent vector ∂ ∂t . In our approach, defined only for deformation of foliations of codimension 1, the DGLA algebra (Z * (L) , δ, {·, ·}) associated to a foliation on a cooriented manifold L is a subalgebra of the the algebra (Λ * (L) , δ, {·, ·}) of forms on L. Its definition depend on the choice of a DGLA defining couple, but the cohomology class of this algebra does not depend on its choice. The deformations are given by forms in Z 1 (L) verifying the Maurer Cartan equations and the moduli space takes in account the diffeomorphic deformations. The infinitesimal deformations along curves are subsets of of the first cohomology group of the DGLA (Z * (L) , δ, {·, ·}).
Transversally parallelizable foliations.

Recall the following
Definition 11. Let L be a C ∞ manifold and ξ ⊂ T (L) a distribution of codimension 1. ξ is called transversally parallelizable if there exists a 1-form ω on L such that ξ = ker ω and dω = 0. Proposition 4. Let L be a C ∞ manifold and ξ ⊂ T (L) a distribution of codimension 1 and (γ, X) a DGLA defining couple. The following assertions are equivalent: i) ξ is transversally parallelizable.
iv) There exists a DGLA defining couple γ, X such that δ γ, X = d b .
Proof. The assertion i) =⇒ iii) is obvious and iii) ⇐⇒ iv) by Lemma 7. iv) =⇒ i) We may suppose that λ ∈ C ∞ (L) such that γ = e λ γ and X = e −λ X + V , V ∈ ξ. The Lemma 7 applied to 0-forms implies
and by Lemma 3 iv) it follows that
so by (2.21), (2.22) and (2.23) we obtain (2.24) (ι X dλ) γ − dλ = −ι X dγ. 
From (2.19) and (2.24) it follows that
ii) There exists a curve Γ with values in MC δ (L) / ∼ G such that the tangent to Γ at the origin is [β].
In particular T
Proof. We consider the DGLA defining couple (γ, X) = ds,
So α t ∈ MC δ (L) and we can consider Γ :
Since α t ∈ MC δ (L), we obtain d X β = 0 and {β, β} + 2d
By Proposition 3 we may suppose β (s,
and from the assumption of linear independence it follows that β ′ j β k − β ′ k β j = 0 for every 1 ≤ j < k ≤ p. This means that β j = c j a, c j ∈ R, a ∈ C ∞ S 1 and
Remark 15. In the previous example we have Let M be a complex manifold and L a Levi flat hypersurface of class C ∞ in M such that the Levi foliation of M is co-orientable. In this case there exists r ∈ C ∞ (M ), dr = 0 on L such that L = {z ∈ M : r (z) = 0} and set j : L → M the natural inclusion. As dr = 0 on a neighborhood of L in M we will suppose in the sequel that dr = 0 on M .
We denote by J the complex structure on M . Then the distribution ξ = T (L) ∩ JT (L) is integrable and ξ = ker γ, where γ = j
Let g be a fixed Hermitian metric on M and Z = grad g r/ grad g r 2 g . Then the vector field X = JZ is tangent to L and verifies
It follows that the couple (γ, X) defined above is a DGLA defining couple for the Levi foliation. For a given defining function, we will fix this DGLA defining couple and when its dependence on the defining function r has to be emphasised, we will say the DGLA defining couple associated to r.
Let U be a tubular neighborhood of L in M and π : U → L the projection on L along the integral curves of Z. As we are interested in infinitesimal deformations we may suppose U = M .
We will now parametrize the real hypersurfaces near L and diffeomorphic to L as graphs over L:
Let F =C ∞ (L; R) and a ∈ F . Denote
Since Z is transverse to L, L a is a hypersurface in M . Consider the map Φ a : M → M defined by Φ a (p) = q, where
, where U is a suitable neighborhood of the identity in G as in Definition 6. Then there exists
So we have the following:
It follows that a neighborhood V F of 0 in F is a set of parametrization of hypersurfaces close to L.
For a ∈ V F , consider the almost complex structure 
3), (3.4) and (3.5) we obtain the following Lemma 9. For every a ∈ V F the form α a is the unique form in Z 1 (L) verifying
Moreover,
By using Lemma 9 and Lemma 4 we can state the following 
close to 0. By using the notations of Definition 7 , we are now able to put in evidence the moduli space of deformations of Levi-flat manifolds of L:
Remark 18. From Remark 10 it follows that the local corresponding action of G on E is given by α b = χ (Φ) (α a ), where a, b ∈ V F and Φ ∈ G is sufficiently close to the identity. If r, r (π (z) ) . It follows that the previous definition does not depend on the choice of the defining function r of L and by Proposition 1 it follows that it does not depent nor on the choice of the metric g. We remark also that the moduli space of deformations of
By using the definition (3.1) of Φ at we have
where π is the projection along the integral curves of Z. It follows that
If we consider a smoth extension p of p to M and the flow Φ pZ of pZ, we have
and restricting to L, by (3.10) we obtain
So (3.9) and (3.11) give
Replacing this formula in (3.8) we obtain
Since dr (JZ) = 0 and dr (Z) = 1 it follows that
and (3.12) becomes
Since d c r (V ) = −dr (JV ) = 0 and d c r (Z) = −dr (JZ) = 0, it follows that
and from (3.13) we deduce
Since γ (JV ) = 0 and ι X γ = 1, (3.16) becomes
Therefore, recalling now that γ = j * (d c r) and X = JZ, from (3.17) we obtain
and from (3.15) it follows that
Finally, by (3.14), (3.18) and (3.7) we conclude
. Let F be a compact leaf of the Levi foliation. Then there exists a unique harmonic form b F ∈ Λ 1 (F ) with respect to the fixed metric g such that . Then:
or equivalently 
So (3.20) is equivalent to (3.21).
Proposition 6. Let M be a complex manifold and L a C ∞ Levi flat hypersurface in M . Let F be a compact leaf of the Levi foliation. Then there exists a defining function ρ of L such that the DGLA defining couple γ, X associated to ρ verifies
Proof. Let r be a C ∞ defining function for L and (γ, X) the DGLA defining couple associated to r.
Since
By using (2.19) we obtain
We chose a smooth extension of λ on M which we denote by λ too, and set ρ = e −λ r. We have . Let F be a compact leaf of the Levi foliation and ∂ b , ∂ b the tangential operators along the leaves. Then
and it follows that
In particular B * P c f = * (Jβ ∧ * P c f ) = * Jβ, P c f and from (3.29) and (3.30) we obtain (3.32) (Λd + B * ) P c f = 0.
Step3
Since M is Kähler, by using (3.33) we have
From (3.32) we conclude that
Step 4. df = f β . By (3.33) and (3.34) we have (3.35)
because β is harmonic and
From (3.35), (3.36) and (3.37) it follows that
and by replacing this expression of P c f 2 in (3.38) we complete the proof of step 4.
Step 5. f = 0 and the case sup
by the step 4 it follows that (∆ − A * A) f, f = 0 which implies f = 0. Finally, as in the computation (3.31) of B * we obtain
and so A * Af = * f β, β .
So if β 
By using Corollary 3 and Corollary 5 it is natural to give the following definition:
Definition 13. Let L be a Levi flat hypersurface in a complex manifold M . We say that L is infinitesimally rigid (respectively strongly infinitesimally rigid), if for any family
Theorem 2. Let M be a smooth complex manifold and L a compact connected transversally parallelizable compact Levi flat hypersurface in M . Then L is strongly infinitesimally rigid.
Proof. Since L is transversally parallelizable, every leaf of the Levi foliation is compact or every leaf of the Levi foliation is dense (see [7] for example for the properties of transversally parallelizable manifolds). By Proposition 4 we can consider a DGLA defining couple (γ, X) such that b =ι X dγ = 0 and δ = d b . Let (a t ) t∈I be a family in V F defining a Levi-flat deformation of L and p = dat dt |t=0
. Then (3.21) becomes
Suppose that every leaf of the Levi foliation of L is compact. By (3.39) it follows that p is constant on each leaf, so δ c p = 0. By Proposition 5 it follows that L is strongly infinitesimally rigid.
Suppose now that every leaf of the Levi foliation is dense. Let z 0 ∈ L such that p (z 0 ) = sup L p and let L z0 the leaf of the Levi foliation through z 0 . By (3.39) it follows that p is constant on L z0 . Since L z0 is dense, p is constant on L and L is strongly infinitesimally rigid. Now we study the case of infinitesimal rigidity of general Levi flat hypersurfaces in smooth compact connected Kähler manifolds.
Lemma 10. Let M be a n-dimensional Kähler manifold, L a Levi flat hypersurface in M and F be a compact leaf of the Levi foliation. Let (a t ) t∈I a family in V F defining a Levi-flat deformation of L and p = dat dt |t=0
. Then
where ω is a Kähler form on M and J the complex structure of M .
Proof. From (3.27) it follows
and the lemma is proved.
Theorem 3. Let M be a n-dimensional Kähler manifold, J the complex structure of M , ω a Kähler form on M and L a Levi flat hypersurface in M with compact leaves. Suppose that for every leaf F of the Levi foliation such that b F = 0, ∆ F − T F is positive definite on B F , where ∆ F is the Laplace operator on F , T F ∈ End Λ 0 (F ) is the operator defined by T F ϕ = * ϕ b F , b F and
Then L is strongly infinitesimally rigid. In particular this is true if b F 2 ∞ < λ F for every leaf F of L, where λ F is the smallest strictly positive eigenvalue of the Dirichlet form f → F |▽f | 2 restricted to B F and b F 2 ∞ = sup
. Let F be a leaf of the Levi foliation. We recall that by (2.20) we have
If b F = 0, (3.20) implies that dd c p = 0 and it follows that p is constant on F. Suppose now that b F = 0. By (3.20) we have δδ c p = 0 and by Lemma 10 p ∈ B F . We can apply the uniqueness Theorem 1 on F for β = b F and it follows that p = 0 on F . So δ c p = 0 on L and by Proposition 5 L is strongly infinitesimally rigid. The last assertion follows also by Theorem 1.
Remark 19. Note that in general b F is not continuous with respect to F .
3.5.
Non existence of Levi flat transversally parallelizable hypersurfaces in CP n , n ≥ 2.
One of the basic questions in the theory of foliations is the following: Let F be a singular holomorphic foliation of codimension 1 of CP 2 . Does every leaf of F accumulate to the singular set of F ? This question led to the conjecture of the non-existence of smooth Levi flat hypersurfaces in CP n , n 2, and under suitable hypothesis, in compact complex manifolds.
We recall that for CP n , n 3, the positive answer to this question was given in [16] and [18] . For n = 2 the problem is still open. In this paragraph we prove the non existence of transversally paralelisable Levi flat hypersurfaces in: a) connected complex manifolds M such that for every p = q ∈ M and every real hyperplane H q in T q M there exists a holomorphic vector field Y on M such that Y (p) = 0 and Y (q) ⊕ H q = T q M (Theorem 5). The proof uses techniques developped in this paper.
b) complex compact Kähler surfaces M such that dim H 2 (M ) = 1 (Theorem 6). The proof of this result was communicated to us by M. Brunella [1] .
Both theorems 5 and 6 imply that there are no transversally paralelisable Levi flat hypersurfaces in CP 2 (Theorem 4). Theorem 2 implies that L is strongly infinitesimally rigid and it follows that δ c p = 0. By Lemma 4, we may suppose that δ = d b , so d c b p = 0. As a Levi flat hypersurface in CP 2 has no compact leaves, every leaf is dense in L and it follows that p is constant.
Let g be a fixed Hermitian metric on CP 2 and Z = grad g r/ grad g r 2 g . As in 3.1, a t (X) = r (X (t)), X ∈ CP 2 with X (t) = γ Z,X ∩ Φ ii) Suppose that ω is exact on U 1 . Let ϕ be a 2-cycle ϕ on L. We can aproximate ϕ by 2-cycles ϕ ε on U 1 . Since ϕε ω = 0, it folllows that ϕ ω = 0,. Proof. Let ω be the (1, 1)-form associated to the Kähler metric of M . Let L be a Levi flat transversally parallelizable hypersurface in M such that the Levi foliation of L is given by the 1-form γ. Then γ ∧ ω (x) = 0 for every x ∈ L. Indeed, let x ∈ L and choose local coordinates (t 1 , t 2 , t 3 ) in a neighborhood of x such that x = 0, γ = α (t 1 ) dt 1 and (0, t 2 , t 3 ) are coordinates on the leaf L x through x. There exists local holomorphic coordinates z ∈ (z 1 , z 2 ) in a neighborhood V of x such that L x = {z ∈ V : z 2 = 0}. It follows that α (0) dt 1 ∧ dz 1 ∧ dz 1 = 0. Consequently L γ ∧ ω > 0 or L γ ∧ ω < 0 and we obtain a contradiction by Corollary 7.
